We show that the Euclidean Snyder non-commutative space implies infinitely many different physical predictions. The distinct frameworks are specified by generalized uncertainty relations underlying deformed Heisenberg algebras. Considering the one-dimensional case in the minisuperspace arena, the bouncing Universe dynamics of loop quantum cosmology can be recovered.
I. INTRODUCTION
Non-commutative geometries are widely considered as plausible candidates for describing physics at the Planck scale [1] and have natural connections with string theory [2] . Moreover some of these models can be related to the intuitions of doubly special relativity (DSR) [3] where another invariant scale (apart from the speed of light) is introduced ab initio in the theory. Interest in DSR is also increased because such a framework can be regarded as a semi-classical limit of quantum gravity (see [4] and references therein).
In this paper the Snyder proposal [5] of a noncommutative space-time is analyzed from a physical point of view. This model can be understood by means of the projective geometry approach to the de Sitter space of momenta with two universal constants and is relevant since it can be related to some of DSR models [6] . Furthermore, it has some motivations from loop quantum gravity [7] and two-time physics [8] .
The starting point of our analysis is the requirement that the only deformed commutator in the Euclidean Snyder framework is one between the coordinates. This way, the translation group is not deformed and the rotational symmetry is preserved. We then show that, infinitely many commutators between the non-commutative coordinates and momenta are possible, such that in all the cases the algebra closes. This way, infinitely many different physical predictions of the Snyder space are allowed. These are summarized in the deformed symplectic geometry and in the generalized uncertainty principle at classical and quantum level, respectively. The physical interesting framework of a deformed quantum cosmology is also analyzed. Here we deal with a one-dimensional system and our picture is almost uniquely fixed. We show that this framework naturally leads to the non-singular (bouncing) Friedmann dynamics obtained in recent issues of loop quantum cos- * Electronic address: battisti@icra.it † Electronic address: meljanac@irb.hr mology (LQC) [9] . The paper is organized as follows. In Section II the algebraic structure of the Euclidean Snyder space is analyzed. Section III is devoted to discuss the physical implications of this framework. Concluding remarks follow. Over the paper we adopt units such that = c = 1.
II. REALIZATIONS OF SNYDER SPACE
The algebraic structure of the non-commutative Snyder space is analyzed in this Section. All possible realizations of this space, the general form of the uncertainty principle and the required hermiticity conditions are showed. The known algebras are then recovered as particular cases of our construction.
Realizations. Let us start by considering a n-dimensional non-commutative (deformed) Euclidean space such that the commutator between the coordinates has the non-trivial structure ({i, j, ...} ∈ {1, ..., n})
where withx i we refer to the non-commutative coordinates and κ ∈ R is the deformation parameter with dimension of a squared length. We then demand that the rotation generators (2) and that the translation group is not deformed, i.e.
[p i , p j ] = 0. In order to preserve the rotational symmetry the commutators between M ij and the coordinatesx i , as well as between M ij and p k , have to be undeformed. Therefore, we assume that the relations
hold. This way we deal with the (Euclidean) Snyder space [5] . The above relations however do not uniquely fix the commutators betweenx i and p j . In particular, there are infinitely many of such commutators which are all compatible (in the sense that the algebra closes in virtue of the Jacobi identities) with the above natural requirements.
This feature can be understood by analyzing the realizations [10, 11, 12] of such a non-commutative space. The concept of realization was developed in a series of papers [10] (for a similar approach in the κ-deformed spacetime see [11] and a related analysis in the context of DSR can be found in [12] ). A realization of the Snyder algebra (1) is defined as a rescaling of the non-commutative coordinatesx i in terms of the ordinary phase space variables (x i , p j ). The most general SO(n) covariant realization forx i is given bỹ
where the convention a i b i = i a i b i is adopted and ϕ 1 and ϕ 2 are two arbitrary finite functions depending on the dimensionless quantities µ = κp 2 and ν = κm 2 . In particular, the second quantity accounts for a mass-like term m 2 which can be positive, negative or zero. In order to recover the ordinary Heisenberg algebra, suitable boundary conditions on these functions have to be imposed. We have to demand that, in the κ → 0 (µ,
The realization above is, of course, not completely arbitrary since it depends on the adopted algebraic structure. In particular, the two functions ϕ 1 and ϕ 2 are constrained by the relations (1) and (3). Inserting the formula (4) into the non-commutative coordinate commutator (1), the first restriction we obtain reads
where ϕ
The other condition on ϕ 1 and ϕ 2 arises after considering the realization (4) into the commutator [M ij ,x k ] in (3). Such second constraint can be written as
and is immediate to verify that the argument in the brackets identically vanishes. Therefore, only one condition on ϕ 1 and ϕ 2 appears. As a matter of fact, given any function ϕ 1 (µ, ν) satisfying the boundary condition ϕ 1 (0, 0) = 1, the function ϕ 2 (µ, ν) is uniquely determined by the equation (5) and reads ϕ 2 = (1 + 2ϕ
. In other words, there are infinitely many ways to express, via ϕ 1 , the non-commutative coordinates (1) in terms of the ordinary ones without deforming either the rotation and the translation groups.
It is worth noting that: (i) The realizations (4) have sense if there exist the inverse transformation x i = x j (ϕ −1 ) ji and the necessary and sufficient condition is det |δ ij ϕ 1 + κp i p j ϕ 2 | > 0. If we deal with a n ≥ 2 dimensional space, such a condition reads ϕ n−1 1
(ii) Our analysis can be straightforward generalized to a Snyder Minkowskian space-time. In this case, all the relations above hold as soon as the following replacements are taken into account ({α, β} ∈ {0, ..., n}): the SO(n) generators are substituted by the Lorentz generators L αβ and (x α , p α ) now transform as four-vectors under Lorentz algebra which indices are raised and lowered by the Minkowski metric η αβ , i.e p 2 = η αβ p α p β is Lorentz invariant. Uncertainty relations. In order to complete the analysis of the deformed algebra we need to analyze the (x−p) commutation relation. This way, the general form of the uncertainty principle, and thus the physical consequences of the model, can be discussed. The commutator betweeñ x i and p j arises from the realization (4) and reads
Of course, the ordinary one is recovered in the κ → 0 limit. From the commutator above we can immediately obtain the generalized uncertainty principle underlying the Snyder non-commutative space, i.e.
Three remarks are in order. (i) The algebra we obtain can be regarded as a deformed Heisenberg algebra. More precisely, the deformation of the only commutator between the spatial coordinates as in (1) Hermiticity conditions. The non-commutative coordinatesx i have to be hermitian operators in any given realization. All the commutators given above are invariant under the formal anti-linear involution " †"
where the order of elements is inverted under the involution. However, the realization (4) in general is not hermitian. The hermiticity condition can be immediately implemented as soon as the expressioñ
is taken into account. However, the physical result do not depend on the choice of the representation as long as exist a smooth limitx i → x i as κ → 0. Therefore, we can restrict our attention to non-hermitian realization only.
Recovering the know realizations. The non-commutative Snyder space has been analyzed in literature from different points of view [6, 7, 8 ] (see also [13] ), but only two particular realizations of its algebra are known: the Snyder [5] and the Maggiore [14] ones. The original realization of Snyder, in particular, expressed through the commutator betweenx and p, reads
It is not difficult to see that this is a particular case of our realization (4) as soon as ϕ 1 = 1. From this condition, the function ϕ 2 is fixed by (5) as ϕ 2 = 1 and the above commutation relation is recovered. The condition on the inverse mapping implies that p 2 > −1/κ. On the other hand, the Maggiore algebra
can be regarded as the particular case of (4) when the condition ϕ 2 = 0 is taken into account. But this requirement alone is not enough. In fact, from the constraint (5), the function ϕ 1 is not uniquely fixed but reads
, where f (ν) is a generic function of ν (the inverse mapping condition entails p 2 < (1 + f )/κ). Only in the specific case f (ν) = −ν the commutator (12) is recovered. Finally, we note that, the deformed algebra proposed by Kempf et al. in [15] can be regarded as a particular case of (12) as |µ| ≪ 1 and m = 0, i.e.
2 ) where β = −κ/2 with κ < 0. In the one-dimensional framework (see below), this algebra is the same of the Snyder one (11).
III. PHYSICAL IMPLICATIONS
As understood, the physical consequences of a noncommutative space geometry are deeply and completely new scenarios are opened at both classical and quantum levels. Two physically relevant frameworks are analyzed in this Section: a generic mechanical system and the socalled quantum cosmological arena.
Mechanical system. Let us start by considering a mechanical system, i.e. a model with a finite number of degrees of freedom described by a Hamiltonian H = H(x, p). At classical level the deformations induced on the system appear as soon as the (classical) limit −i[·, ·] → {·, ·} is taken into account. In doing this the deformation parameter κ is regarded as an independent constant with respect to . Modifications of a noncommutative framework on the classical dynamics are then summarized in the deformed Poisson brackets
between any phase space functions. This symplectic structure is not fixed but depends on the two functions ϕ 1 and ϕ 2 constrained by (5) and ϕ 1 (0, 0) = 1. From the relation above, the equations of motion of a mechanical system are deformed aṡ
When the deformation parameter vanishes (κ → 0) the ordinary Hamilton equations are recovered. At quantum level our picture implies either modifications of the Ehrenfest theorem through (14) , either deformations of the canonical quantization prescription via the commutator (7). As we said, this commutator is not fixed at all by the assumptions described above and for any choice of the realization (4) of the non-commutative coordinates, the corresponding Hilbert spaces are thus unitarily inequivalent. Each quantum framework (Hilbert space) corresponds to a specific choice of the realization (4). We also stress that given an eigenvalue problem H(x, p)ψ(x) = Eψ(x), the wave function ψ and the spectrum E depend on ϕ 1 . This is not surprising since the deformation of the canonical commutation relations can be viewed, from the realization (4), as an algebra homomorphism which is a non-canonical transformation. In particular, it can not be implemented at quantum level as an unitary transformation. From this point of view, the set of predictions of any deformed Heisenberg algebra can not be matched by the set of predictions arising from another one, i.e. neither by the set of prediction of the ordinary framework (the κ → 0 limit). New features are then introduced, for any fixed ϕ 1 , at both classical and quantum level. This way, a Snyder structure (1) in which the translation and rotation groups are undeformed, leads to infinitely many different physical predictions through (4) .
A notable problem to be considered is the harmonic oscillator with non-commutative quadratic potential, i.e. H = p 2 /2m + mω 2x2 /2. In the one-dimensional case the symmetry group is trivial (SO(1) = Id) and the most general realization is given byx = x 1 − µ + f (ν). Considering the representation of this algebra (we take f = 0) in the momentum space, the deformed stationary Schrödinger equation for this model is given by the so-called Mathieu equation and the energy spectrum appears to be modified as E n = ω(2n + 1)/2 − ωκ(2n
mω is the characteristic length scale (for more details see [16] ). We note that, if κ > 0 this is the spectrum obtained in polymer (loop) quantum mechanics [17] , while if κ < 0 this result resembles the one recovered in [18] .
Quantum cosmology. An interesting quantum mechanical arena to test such a framework is the so-called minisuperspace reduction of the dynamics, i.e. quantum cosmology. As well-know [19] , by imposing symmetries on the spatial Cauchy surfaces which fill the space-time manifold, a considerable simplification on the gravitational theory occurs. In particular, by requiring the spatial homogeneity the phase space of general relativity reduces to six dimensions. The system is described by three degrees of freedom, i.e. the three scalar factors of the Bianchi models. Furthermore, by imposing also the spatial isotropy, we deal with one-dimensional mechanical systems. These are the Friedmann-Robertson-Walker (FRW) models which describe the observed Universe and on which the standard model of cosmology is based.
In order to discuss the implications of the Snyder algebra on the FRW Universes we consider the onedimensional case of the scheme analyzed above. If we assume the minisuperspace as Snyder-deformed, then the isotropic scale factor a (namely the radius of the Universe) and its conjugate momentum p satisfy the commutation relation [a, p] = i 1 − µ + f (ν). It is worth stressing that, when κ > 0 (taking f = 0) a natural cut-off on the momentum arises, i.e. |p| < 1/κ, while as κ < 0 the uncertainty relation (8) predicts a minimal observable length ∆x min = √ −κ. Moreover, at the first order in κ, the string theory result [20] ∆x > ∼ (1/∆p + l 2 s ∆p), in which the string length l s can be identify with −κ/2, is recovered.
Following [16] is possible to show that the effective Friedmann equation of Snyder-deformed flat FRW cosmological model becomes
where G is the gravitational constant, ρ = ρ(a) denotes a generic matter energy density and ρ c = (2πG/3κ)ρ P is the critical energy density (ρ P being the Planck one). When the limit κ → 0 is taken into account, the critical energy density diverges (the function f (ν) disappears) leading to the ordinary dynamics. It is worth noting that, if f (ν) = 0 and κ > 0, the equation (15) resembles exactly the effective bouncing Friedmann equation of LQC [9] . Such a dynamics is singularity-free since, when ρ reaches the critical energy density,ȧ vanishes and the Universe experiences a (big)-bounce instead of the classical big-bang. On the other hand, if f (ν) = 0 and κ < 0, the effective braneworlds dynamics is recovered [21] .
Summarizing, the non-commutative Snyder minisuperspace framework can clarify similarities and differences between different quantum gravity theories. Other comparisons between deformed and loop-polymer quantum cosmology, in view of discussing the fate of the cosmological singularity at quantum level, were performed considering the flat FRW model filled with a massless scalar field [22] and the Taub cosmological model [23] . Such investigations deserve interest either in clarifying the role of loop quantization techniques in cosmology, either in establishing a phenomenological contact with some frameworks relevant in a flat space-time limit of quantum gravity.
IV. CONCLUDING REMARKS
In this paper we have shown how there are infinitely many realizations of the Snyder algebra, equations (1-3), implying different commutation relations between the non-commutative coordinatesx and momenta p, i.e. we deal with deformed Heisenberg algebras. These depend on an arbitrary function ϕ 1 (µ, ν) such that ϕ 1 (0, 0) = 1 ensuring the correctness of the picture. Therefore, different non-commutative spaces, described by distinct commutations relations (7), imply different (unitarily inequivalent) physical consequences. On the other hand, in the one-dimensional case the commutator betweenx and p is fixed (up to a function of the mass-like term) and, when implemented in the minisuperspace dynamics, the loop as well as the braneworlds cosmological evolutions are recovered.
